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(— I , Let K be an arbitrary field of characteristic p > 0, let A be one of the following 

algebras: P„ := K[xi, . . . , x„] is a polynomial algebra, T){Pn) is the ring of differential 
operators on P„, 'D{Pn) ® Pm, the n'th Weyl algebra An, the n'th Weyl algebra 
An ® Pm with polynomial coefficients Pm, the power series algebra -/^[[xi, . . . ,Xn]], 
Tki,...,kn is the subalgebra of V{Pn) generated by P„ and the higher derivations dj' , 
^1 Q < j < p^\ i = \, . . . ,n (where ki, . . . ,kn € N), Tfcj^...^fc„ ® Pm, an arbitrary central 

t^^ ■ simple (countably generated) algebra over an arbitrary field. The inversion formula 

—L. , for automorphisms of the algebra A is found explicitly. 
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1 Introduction 

Let K be an arbitrary field, Pn '■= K[xi, . . . ,Xn] be a polynomial algebra over K, and 
P„ := -^'[[xi, . . . , Xn]] be an algebra of formal power series over K. 

In characteristic zero, there are several different inversion formulae for a G Aut;^(P„) 
(El, [ini; PQi[in]i 0), they are based on different ideas. Besides applications the interest 
in inversion formulae stems mainly from three different sources: in Algebra - to solve the 
Jacobian Conjecture; in Differential Equations - to study solutions of differential equations 
(and their dependence on parameters) where on various stages of finding solutions new 
coordinates (substitutions) are used; in Analysis - any set of 'good' functions x'^, . . . , x^ in 
variables Xi, . . . ,x„ with nonzero Jacobian, det(^) 7^ 0, defines (locally) coordinates. If, 
in addition, the functions x'^, . . . , x^ depend on a set of parameters A then properties and 
behaviour of the functions 

Xi XiyX^, . . . , Xyj, A), . . . , Xn Xn\-^i: • • • 5 "^rn ^J 

on A are of great importance (and difficult to study). A 'nice' inversion formula can help 
greatly with that sort of questions. One should also mention the Number Theory especially 
its connections with differential operators where the coefficients of differential operators 
carry valuable information about the number theoretic question they have connection with 
- the inversion formulae in |3, and in the present paper are given predominantly via differ- 
ential operators (or/and powers of derivations in the noncommutative setting). 

In characteristic zero, the ring of differential operators V^Pn) on the polynomial al- 
gebra Pn is canonically isomorphic to the Weyl algebra An (this is not the case in prime 
characteristic). The counter part to the Jacobian Conjecture for polynomial algebras is the 
Problem of Dixmier ioi the Weyl algebras An which asks whether an algebra endomorphism 
of An is an automorphism (0, Problem 1). Recent results show that these two problems 
are essentially the same {DPn =^ JCn, |2]; JC2n ^ -D-Pn, |I2j and P, see also |lj). One can 
even amalgamate DPn and JCm into a single question about algebra endomorphisms of the 
algebra An ® Pm, jH]; though this question is equivalent to DPn + JCm, [3,. The inversion 
formula for a G Aut xi^An (S> Pm) was found in |3], it was used to prove the equivalence 
just mentioned. In [3j, it was shown that the algebras {An Pm} are the only algebras 
for which the type of questions like JC or DP makes sense (i.e. both JC or DP can 
be reformulated as questions about certain commuting locally nilpotent derivations, the 
algebras {An <S) Pm} are the only algebras that have them). 

In characteristic p > 0, before the present paper I have known no inversion formula 
neither for polynomials (or series) or the Weyl algebras or the ring of differential operators 
T>{Pn). An attempt was made by Tsuchimoto JT], Proposition 1, to find such a formula 
for the Weyl algebra An using the reduced trace of its division algebra Frac(y4„) (in more 
detail, the 'inversion formula' is found for a G Autj<-(A„) up to <J~^\ziAn) where Z{An) is 
the centre of the Weyl algebra, it is a polynomial algebra in 2n variables). 

In the present paper, the inversion formula is found (in which only algebraic operations 
are present like addition or multiplication) for the algebras mentioned in the Abstract. We 



generalized the approach of the paper ^ . The prime characteristic case is more difficult 
than the characteristic zero case and many more situations occur. 

The paper is organized as follows: in the ffist four sections a necessary machinery is 
developed which later is applied in finding the inversion formulae. 

An idea of finding inversion formula. Briefly, it is to express the identity map 
via 'algebraic' operations (i.e. operations which are well-behaved when applying an algebra 
automorphism): let A be an algebra over a field K and a be an algebra automorphism of 
A, let {x°'} be a i^-basis of A and suppose that the identity map id^ : A —>■ A can be 
written as 



id^(-) = $^A 



a,ya[') ^ 



where Xa,ya '■ A —^ K are 'algebraic' maps depending 'algebraically' on a certain set of 
elements j/q. Applying a one has also the presentation 



idA(-) =^K,a{y^){-)(^{x''] 



where o'{Xa,y^) = Xa,a{ya) siucc Xa,a{ya) IS an 'algebraic' map. Then applying a ^ and using 
the fact that Xa^a{ya){^) ^ K we have the 'formula' for the inverse map 

To realize this simple idea different algebras require different means. For central simple 
algebras it is 'easy to do it' as the Density Theorem provides such a presentation as a limit 
in the finite topology of certain maps given explicitly (on the other extreme, for commutative 
algebras one has to use differential operators). 

Example. Let Mn{K), n > 2,he the matrix algebra over a field K, it is a central simple 
finite dimensional algebra. Let a G AntK{Mn{K)). It it well-known that (t{x) = sxs~^ for 
some non-singular maiiix s. Therefore, a~^{x) = s~^xs. For any x = {xij) G Mn{K), 

n n n n 

i,j=l i,j=l i,j=l fc=l 

where Cij are the matrix units and E is the identity matrix. Equivalently, idM„(_ft:)(-) = 
Ylu=iCl22=i ^ki{-)ejk)eij. Hence, we have the inversion formula given explicitly 

n n 

(r~\-) = ^C^(^{eki){-)(Tiejk))eij. 

jj=l A;=l 

One can easily verify that this is the inversion formula: for (t{x) = sxs~^, 



n n n n 



'^C^'^{eki)x(yiejk))eij = ^(^se^jS ^xsCjkS ^)eij = "^sC^Ckia ^{x)ejk)s ^Cij 

i,j=l k=l i,j=^ k=l «J=1 k=l 



n n 

y ] s{cr~'^{x)ijE)s~^eij = ^ (r~^{x)ijeij - 


= a-\x). 


i,j=l *,i=i 





2 Locally nilpotent derivations and their nil algebras 

This section is about the structure of algebras that admit certain locally nilpotent deriva- 
tions. These derivations appear naturally in almost all the algebras we consider in the 
paper, and results of this section are the key ones in finding various inversion formulae. 

Iterative (5-descents. Let A be an algebra over a field K and let 6 he a i^-derivation 
of the algebra A. For any elements a,b & A and a natural number n, an easy induction 
argument gives 

It follows that the kernel A^ := her 5 of 5 is a subalgebra (of constants for 5) of A and the 
union of the vector spaces A^ := N{6,A) = Uj>oiVi, Ni := ker5*^^, is a positively filtered 
algebra {NiNj C Ni+j for all i,j > 0), so-called, the nil algebra of 6. Clearly, A^o = A^ and 
N := {a ^ A\ 6"'{a) = for some natural n = n{a)}. 

A fi'-derivation 6 of the algebra A is a locally nilpotent derivation if for each element 
a & A, (5" (a) = for all n 3> 1. A i^-derivation S is locally nilpotent iS A = N{S, A). 

Definition. Let 5 be a i^-derivation of an algebra A over an arbitrary field K. A finite 
or infinite sequence y = {y^'^\ < i < / — 1} of elements in A where 7/'°' := 1 is called an 
iterative sequence of length I if 

2/'V^= ('t^)?/"^''' 0<^,J</-l, t+j<l-l. (1) 

A sequence y = {y^'^\ < i < / — 1} is called a (5-descent if y^^^ := 1 and 

%[^l)=y[^-il, 0<z</-l, y[^:=0. (2) 

Definition, |S] . If both conditions (0) and (j21) hold then the sequence y is called an iterative 
5-descent of length I. 

Lemma 2.1 Let A be an algebra over an arbitrary field K, S be a K-derivation of A. 

1. If {x^\i > 0} zs a 6-descent then N{6,A) = ®i>oA^x^^ = ©i>oa;Wyl^ and N^ = 
©7=0 ^^a;M = ^'^^qX^^A^ for all n>0. 

2. If 6'' = for some 2 < / < cxd, and {x^'^',0 < i < 1} is a 5-descent of length I. Then 
S^-^ ^ and N{6,A) = ®^rlA^x^^ = ©^-^xl^U"^ and Nj = ^l^^A^x^^ = ^l^^x^^A^ 
for all < j < I. 

Proof 1. Clearly, A^' := J2i>o^^^^^ C N := N{6,A) = Un>oNn since all x^^ e N and 
A^ C N. Let us show that the sum in the definition of N' is a direct one. Suppose this is 
not the case, then there is a nontrivial relation of degree n > 0, 

Co + cix'^l + ■••-!- Cnx'"] = 0, Q G A^, c„ ^ 0. 



We may assume that the degree n of the relation above is the least one. Then applying 5 
to the relation above we obtain the relation of smaller degree (a contradiction): 

ci + C2x[^l + ■ ■ ■ + c„a;l"-i] = 0. 

So, A^' = ®i>QA^x^'^y It remains to prove that A^ = A^'. It suffices to show that all 
subspaces Ni belong to A^'. We use induction on i. The base of the induction is trivial 
since A^o = ^^ ■ Suppose that z > 0, and A^i_i C A^'. Let u be an arbitrary element of 
Ni. Then 5{u) G A^i-i C A^', hence 5{u) = T.%lciX^^ = ^(T^fJo^J^^^^^^) ^^ some a G A\ 
Hence, u — Yl]-^o '^j^^^^^ E A^ C N', and so m G A^', which proves that A^j C A^', and so 
A^ = A^'. It is obvious that N^ = ©^=o ^^^^^^ n>0. 

Repeating the argument above for the space A^" := '^i>oX^ A^ we conclude that A^ = 
N" = ®i>QX^^A^ and A^„ = ©^^qxWA'', n>0. 

2. (5'~^(a;['~^l) = 1 7^ hence (5'~^ 7^ 0. For the rest, repeat literally the same arguments 
as in the proof of statement 1. D 

There are elements a^-' , b^j^ G A^ such that 



x^'x 



i+j i+j 

[^■] = ^4^xW = 5^x^61^ z,j > 0. 

fc=0 fc=0 



The elements a^"', 6)f are unique (Lemma 12.11) . If the field K has characteristic zero and the 
element x := x^^^ is fixed then the elements x^^\ i >2 can be chosen as x'*' = ^ (in general, 
the elements x^ are highly non-unique but it is not difficult to describe all possibilities: if 
{x'^*^} is another choice of the elements {xW} then there exist infinite number of scalars 
Ai, A2, . . . such that x''*' = x^ + Xl^i Ajx'*"-'', and vice versa). In the characteristic zero 
case, one can say more about the algebra N{6,A) (see Lemma f2.2p . 

The projection homomorphisms and ip. Given a ring R and its derivation d. 
The Ore extension R[x;d\ of i? is a ring freely generated over i? by x subject to the defining 
relations: xr = rx + d{r) for all r E R. R[x; d] = ©j>o-Rx* = ©j>oX*-R is a left and right 
free i?-module. Given r E R, a derivation (adr)(s) := [r,s] = rs — sr oi R is called an 
inner derivation of R. 

Lemma 2.2 ^31 Let A be an algebra over a field K of characteristic zero and 6 be a K- 
derivation of A such that 6{x) = 1 for some x E A. Then N{6,A) = A^[x]d] is the Ore 
extension with coefficients from the algebra A^ , and the derivation d of the algebra A^ is 
the restriction of the inner derivation adx of the algebra A to its subalgebra A^ . For each 
n>0, Nn = ©^=0^*^^' = ®7=qX'A\ 

If the algebra A is commutative or the element x is central the result above is old and 
well-known by specialists (in both cases, the algebra A is a polynomial algebra y4^[x]). 

The element x from Lemma 12.21 vields the iterative 5-descent {x^^^ := ^,i > 0} of 
infinite length. 



Theorem 2.3 Let A be an algebra over an arbitrary field K , 5 be a locally nilpotent K- 
derivation of the algebra A, and {x^'^\i > 0} be an iterative 5 -descent. Then the K- 
linear maps (j) := '^i>Q{~^yx^''^5^,il) := X]j>o(^-^)*^*(')^'*' : A -^ A satisfy the following 
properties. 

1. The maps and ip are homomorphisms of right and left A^ -modules respectively. 

2. The maps and ip are projections onto the algebra A^ (see Lemma \2.1]) : 

(j) : A = A^ ® A+ ^ A^ ® A+, a + h^ a, where a e A\ b e A+ := ®i>ix^^A^, 
if) : A = A^ ® A^—> A^ ® A+, a + h^ a, where a e A\ h e A+ := ©i>iA'^a;[*l. 

In particular, ini((/)) = mi[ip) = A^ and (f){y) = ipiy) = y for all y E A^ . 

3. 0(xH) = ij{x^^) = for alii >1. 

4. For each a e A, a = Ei>o^^'V('5'(«)) = Ei>o V^('^*(«))^'''- 

5. If, in addition, the elements {x^} are central then the maps and ip are A^ -algebra 
homomorphisms. 

Remark. If char(i^) = this is Theorem 2.2, |3]. 

Proof. Let us prove the theorem, say, for 0, for the map ip arguments are hterally 
the same with obvious minor modifications. The map is well-defined since 5 is a locally 
nilpotent derivation, it is a homomorphism of right A'^-modules (by the very definition of 
0), and (f){y) = y for all y G A^. For each j > 1, 

j j / -N 

0(x[^'l) = ^(-l)^xWx[^-'l = (5^(-l)M ^ ))x[^'] = (1 - lyx^'^ = 0. (3) 

i=0 1=0 ^ ^ 

So, the map is a projection onto A^. 

For each a = J2i>o^^^^'^i E A = (Bi>ox^^^A^ where aj G A^, we have 0((5*(a)) = Oj, hence 

If, in addition, the elements {xW} are central then the maps and ip are A'^-algebra 
homomorphisms since A^ is a (two-sided) ideal of the algebra A. D 

The derivation 6 from Theorem 12.31 is locally nilpotent but not nilpotent. The next 
corollary is a similar result but for a nilpotent derivation 6. 

Corollary 2.4 Let A be an algebra over a field K, 6 be a nilpotent K-derivation of the 
algebra A such that 5' = for some I > 2, and {x^'^\0 < i < 1} be an iterative 5 -descent. 
Then the K-linear maps := Ejlo(~l)*a^'*''^\'0 '■= Z]i=o(~-'-)*'^*(')^'*' : A -^ A satisfy the 
following properties. 

1. The maps and ip are homomorphisms of right and left A^ -modules respectively. 



2. The maps and ip are projections onto the algebra A^ (see Lemma \2.1]) : 

(j) : A = A^ ® A+ ^ A^ ® A+, a + h^ a, where a e A\ 6 G A+ := ©^^^xW^'', 
%l) : A = A^ ® A+ ^ A^ ® A+, a + b^ a, where a e A\ 6 G A+ := ®\^\A^x'^^. 

In particular, ini(0) = ini('?/;) = A^ and (f){y) = ip{y) = y for all y & A^ . 

3. 0(xW) = ^(x[*l) = for alii >1. 

4. For each a e A, a = T.^illx^^(f){6'{a)) = T.\zlip{S'{a))x^^. 

5. If, in addition, the elements {x^^^} are central and such that x^x'-'' G A+ for all i and 
j with i + j > I then the maps and tp are A^ -algebra homomorphisms . 

Proof. Repeat the proof of Theorem 12.31 D 

The ring of differential operators V{Pn) on a polynomial algebra. If char(i^) = 

p > then the ringV{Pn) of differential operators on a polynomial algebraPn '■= K[xi, . . . , x^ 
is a i^-algebra generated by the elements xi,...,x„ and commuting higher derivations 
ol .= -j^, i = 1, . . . ,n and k > 1, that satisfy the following defining relations: 



[X., X,] = [c, ^'1 = 0, dpar = [^^ ^ ^ J dr\ [dr,x,] = 5.,dr\ (4) 

for all 2,j = 1, . . . ,n and k,l > 1 where 5ij is the Kronecker delta and d,- := 1. d,- = 
9j = ^ G Der;<'(P„), i = 1, . . . ,n. It is convenient to set 9|~ := 0. The algebra V{Pn) 
is a simple algebra. Note that the algebra T>{Pn) is not finitely generated and not (left or 
right) Noetherian, it does not satisfy finitely many defining relations. 

p(P„) = irx"9[^l = Kd^^^x", where x" := x^^ ■ ■ -x^", ^'^l := df'^ ■ ■ ■ 9|f"l. 

a,/3GN" a,/3GN" 

The algebra T'(P„) admits the canonical filtration F := {-Fi}i>o where Fj := ©|Q,|_|_|^|<jii'x°5[''] 
= ©|a|+|/3|<^^5f^la;-, |a| := ai + ■ ■ ■ + a„, dim^(Fi) = ('+f ) for all i > 0, P(P„) = Ui>oFi, 
Fo = ^ and FiFj C F^+j for all i,j > 0. 

For each i = 1, . . . , n, the inner derivations — adxj of the algebra 'D{Pn) and the higher 
derivations {dl } satisfy the conditions of Theorem 12.31 (i.e. the sequence {dl ,j > 0} 
is an iterative {— ad Xi)- descent), and the derivations di := 9| of the algebra P„ satisfy 

the conditions of CoroUarv 12.41 {df = 0, di{xi) = 1, and {^,0 < j < p} is an iterative 
9j-descent of length p) . 

Let A be an algebra over a field K of characteristic p > 0. For each x E A, 

(adx)P = ad(xP) (5) 

since, for any a E A, ad(xP)(a) = [x^, a] = XliLi (^)(adx)*(a)x*'~* = (adx)^(a). 

7 



Theorem 2.5 Let A be an algebra over a field Kof characteristic p > 0, S be a K- 
derivation of the algebra A such that 6^ = and 6{x) = 1 for some element x & A. 
Then 

1. A = ®^~qA^x' = ©fJoxM^ and A = N{5,A) = U^ZlNn where N^ = (S'I^qA^x' = 
®1^qX'A^ /orn = 0, 1, . . . , p - 1 . 

2. [x,A^] C A^. 

3. Let A := A'^[t;(i] be an Ore extension of the algebra A^ where d := ad(x)|^4. Thent^ — 
x^ is a central element of the algebra A and the algebra A is canonically isomorphic 
to the factor algebra A/{t^ — x^). 

Remark. If, in addition, the algebra A is commutative, the first statement of Theorem 
EH is Theorem 27.3, [21 • 

Proof. Statement 1 is a particular case of Lemma l2. II (2) with the iterative (5-descent 
|a;H := ^, < i < p} of length p. 

For each c G A\ S{[x,c\) = [6{x),c] + [x,6{c)] = [l,c] + [x, 0] = 0, hence [x,A^] C A^ 
and d is a derivation of the algebra A^. This proves statement 2. 

It remains to prove statement 3. Consider the Ore extension A := A''[t;t/]. There is 
a natural algebra epimorphism A^A, t^-^x, c^-^c for all c G A^. The epimorphism 
is obviously an A^ -module epimorphism. Since both one-sided ideals Ait^ — x^) and (t^ — 
xP)A of the algebra A belong to the kernel of the epimorphism and, obviously, there 
are isomorphisms A/A{t^ — x^) ^ A and A/{t^ — x^)A ~ A of left and right ^''-modules 
respectively (induced by the epimorphism A^A),we must have the equality Alf' — x^) = 
ip' — x^)A. Since, for each c G A^ , the degree in t of the commutator [t^ — x^, c] G .4 is 
strictly less than p we must have \t^ — x^, c] = as the commutator belongs to the kernel 
of the epimorphism above and, by statement 1, A = Q)^~qA^x''. One can prove this fact 
also directly using (jS)) repeatedly: 

[fP - x^, c] = (adt)P(c) - [x", c] = (ada;)^(c) - [x^, c] = [x^, c] - [x^, c] = 0. 

Now, [t^ — x'P,t] = [t,a;^] = d{xP) = [x,xP] = 0. This means that the element t^ — x^ 
belongs to the centre of the algebra A (since it commutes with generators of A) and 
A~^/(tP-xP). D 

The next corollary describes the algebras from Lemma f2. 51 

Corollary 2.6 Let A be an algebra over a field K of characteristic p > 0. Then the 
following statements are equivalent. 

1. There exists a K-derivation 5 of the algebra A such that (5^ = and 5{x) = 1 for 
some element x & A. 

2. The algebra A is isomorphic to the factor algebra A/A{xP — a) of an Ore extension 
A = B[x; d] at the central element x^ — a for some a G B'^ where d G Der/^(i?) such 

8 



that dP = ad(a;) (more precisely, for any choice of a E B'^ and a derivation d of B 
such that d^ = ad(Q;), the element x^ — a is a central element of A). In this case, the 
derivation 6 (from statement 1) may he chosen as follows: 6{B) = and 6{x) = 1 
(then 6^ = 0). 

Proof (1^2) Theorem O 

(2^1) First, let us prove that the element x^ — a is central. For any b E B, [x^,b] = 
d^ip) = [a, h] since d^ = ad(a), and so [x^ — a,b] = 0. Finally, [x^ — a,x] = d{a) = since 
a G ker d. So, the element x^ — a commutes with the generators B and x of the algebra 
A. Therefore, it is a central element of the algebra A. 

Consider the derivation S G Dei b{A) given by the rule 6{x) = 1. It is well-defined since, 
for each b e B, 6{[x, b]) = [1, b] + [x, 5{b)] = = 6{d{b)) and 5{xP - a) = px"-^ - 5{a) = 0. 
Since (5''(x*) = for alH = 1, . . . ,p — 1, we must have 6^ = 0. D 

3 Commuting locally nilpotent derivations with iter- 
ative descents of maximal length 

Definition. Let 5 be a nonzero locally nilpotent i^-derivation of an algebra A over an 
arbitrary field K and y := {y^*^} be an iterative ^-descent. We say that y is of maximal 
length (or has maximal length) if y has infinite length in the case when 6 is not nilpotent 
derivation, and y has length I ii 6'' = and 6^~^ ^ 0. 

Let A be an algebra over a field K, 6 := {Si,i G /} be a non-empty set of commuting, 
locally nilpotent /^-derivations of the algebra A such that 

(z) for each a E A, 6i{a) = for almost alii E I (i.e. all but finitely many i), and 
(ii) for each i G /, there is an iterative (5j-descent Xi := {Xi } of maximal length, say k, 

such that {xj-'^} C Hi^keiA^"- 

Remark. If the set I is finite then the condition (z) is vacuous. 

The set 5 is a disjoint union of two subsets 6 = nU I where the set n contains all the 
nilpotent derivations and the set [ contains all the non-nilpotent derivations. It is possible 
that one of this sets is an empty set. 

Let N = {0, 1,2,.. .} be the monoid of natural numbers, N*-^^ be the direct sum of J'th 
copies of the monoid N, 

E = E{5) := {a = («,) G N^^^ | < a^ < /^ - 1 where k is the length of x^}, 

it is the set of all 'possible exponents' for xf""' (see below). Without loss of generality we 
may assume that the set / is a well-ordered set with respect to an ordering <. For each 
a = (ttj) G E, consider the ordered product. 



1 if a = 0, 

>nl...>^„] ifc^oand 



^ ■~ ^ [a,J _\ai. 



ii < ■ ■ ■ < in, and a^^, . . . , a^^ are the only nonzero coordinates of a, the set {««!, . . . , ««„} 
is called the support of a. 

For each i E I, consider the maps (j)i,ipi : A —>■ A from Theorem 12.31 and Corollary 12.41 

(a) if {Xi ,j > 0} is an infinite ^j-descent then 



[j] 

i 5 



0, := J2i-^y^^Sl and ^. := 5^(-iy<5f ^-jx^ 
j>o i>o 

(b) if {xf , < j < /j — 1} is a /imie (5j-descent then 

j=o i=o 

Theorem 3.1 Let A be an algebra over a field K, (/, <) be a non-empty well-ordered set, 
6 := {Si,i E 1} be a set of commuting locally nilpotent K-derivation of the algebra A such 
that, for each a E A, 6i{a) = for almost all i E I. Suppose that, for each i E I , there 



exists an iterative 5i-descent {x^ } of maximal length such that {x^ } C Di^keiA^''. Th 



en 



1. A = ©„g£;a;[°U'' = ©„ei^v4^2;[°l ^here A^ := Hie/A^'. 

2. Consider the ordered products of maps 

0:=J]0,, ^■.= l[^r.A^A, (6) 

given by the rules: 0(1) := 1, ^(1) := 1, and, for each ^ a E E, with supp(a) = 
{ai^, . . . , ai„} where ii < ■ ■ ■ < in, 

<P{x^-^) := 0,„ ■ ■ -^.Ixl^-l ■ ■ -0:1:-]), ^(xI-1) := ^, ■ ■ -^..(x^' ■ ■ ■ x^-^). 
Then the maps (p and ip are homomorphisms of right and left A^ -modules respectively. 

3. The maps and ip are projections onto the algebra A^ : 

(p: A = A^ ® A+-^ A^ ® A+, a + bt^ a, where a e A\ b E A+ := ©OT^aesa;'"^'^, 
tp : A = A^ ®A+ -^ A^ ® A+, a + b^ a, where a e A\ b e A^ := ®o^a<^EA^x^°'\ 

In particular, im(0) = im(-0) = A^ and (j){y) = ip{y) = y for all y E A^ . 

I 0(x[°l) = ^(a;[°l) = for allO^ae E. 

5. For each a e A, a = EaeE^^^^Vl'^^la)) = Ea6£;^('^"(«))^'"^ ^^^^^ -^^ '■= Xli^i^T^ 
a finite product. 

6. If, in addition, all the elements {xf } are central and for each finite length sequence 
{x^\ < j < /j}.' x^ x\ E A^ for all j and k with j + k > l^, then the maps and 
■0 are A^ -algebra homomorphisms. 
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Proof. We have obvious symmetry between and ip, and between statements about 
left A'^-modules and right A'^-modules. Let us, say, prove the statements about the map 
and about right A'^-modules. 

1. The sum A' := Xlaes^'"^^^ i^ ^ direct sum. A' := (BaeEX^"^A^, as follows at once 
from the fact that 5°'{x^°'') = 1 for all a & E. We have to prove that A' = A. Let a E A. 
We have to show that a E A'. If a G A^ C A' then there is nothing to prove. So, let 
a ^ A^. By the assumption, there are only finitely many derivations, say 6i, . . . ,6n, such 
that Si{a) 7^ (to save on notation we may assume that {1 < ■ ■ ■ < ra} C /). Applying 
step by step either Theorem 12.31 or Corollarv l2.4| we have (where ^^i'---.'5fc ;= n^'^^A'^j) 

A = 0x^U^i = ^4'^4'^A'^''^ = ■■■= xf^l ■ ■ -xlJ-U^i-.^n^ (7) 

we have used the facts that the derivations (5i, . . . , (5„ commute and that 6i{Xj ) = if i 7^ j. 

The element a is a unique finite sum a = J24 ' ' - ^n Xi-t^,...,i^ for some Xii,...,i^ G A^^'---'^"^. 
For each k G /\{1, . . . , n}, 

= 4(a)=5^xfl---x|:"l4(A.„...,J, 

therefore Sk(Xi^^...^i„) = by ^, i.e. all Xij^^...,i„ G A^. This proves the equality A = A'. 

2 — 4. By the very definition, the map is a homomorphism of right A^-modules, 
0(1) := 1, and, for each ^ a E E with supp(a) = {aji, . . . , aj„} and ii < ■ ■ ■ < in, 

0(a;["]) = 0.,(xl"'^') ■ ■ ■0.„(xl;;-l) = 6o,a,^ ■ ■ -^o.^.^ = <5o,« (the Kronecker delta). 

Now, statements 2 — 4 follow. 

5. For each a G A, we have a finite sum a = Yl^ Xa with A^ G A^ (statement 1). 
Since A^ = 0((5"(a)), we have a = Y^x^°'^(j){5"{a)), and so statement 5. 

6. The assumptions of statement 6 guarantee that A^ is an ideal of A, hence is an 
y4^-algebra homomorphism. D 

Infinitely iterated Ore extensions. Let i? be a ring, d = {di, i G /} be a non-empty 
(not necessarily finite) set of derivations of the ring R, r = (vij) be a skew symmetric I x I 
matrix (possibly of infinite size) with entries from R [vij = —Vji and ru = 0) such that 

[di, dj] = ad(rij) and di{rjk) = -dk{rij) + dj{rik) for all i,j E I. 

For each finite subset, say J = {!,..., n}, of / consider the iterated Ore extension 

Rj := R[ti; rfi] ■ ■ ■ [t„; dJ = Rcitn, dn], G := {1, . . . ,n - 1}, 

where the derivation dn of the ring R extended to a derivation (denoted in the same fashion) 
of the ring Rq by the rule dn{ti) = Vni- It is an easy exercise to verify that dn is then well- 
defined: if ra = 1 then there is nothing to prove. For ra > 1, by induction on n one may 
assume that Rq is well-defined. Then the ring Rg has the following defining relations: 

[ti, tj] = Tij and \ti, r] = di{r), 0<i<j<n — 1, r E R. 
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Now, the extended dn respects these relations: 

dn{[U, tj]) = [dn{ti),tj] + [U, dn(tj)] = [r„i, tj] + [ti, Vnj] = -dj{rni) + di{rnj) = dn{rij), 

dni[ti,r]) = [dn{ti),r] + [ti,(i„(r)] = [r^ur] + didn{r) = {[dn,di\ + didn){r) = d„di{r). 

Clearly, J C L implies Rj C R^^ for finite subsets J,LCI. The infinitely iterated Ore 
extension R[t; d, r] is the union (the direct limit) of the rings Rj. Without loss of generality 
one may assume that the set / is a well-ordered set, (J, <). Then 

R[t;d,r]= i?t-= ri?, (8) 

where t" is the ordered product t"^ ■ ■ ■ t^" where supp(a;) = {ajj , . . . , Q;i„} and ii < . . . < in- 
The partial derivatives di := ^ E DeTR{R[t; d,r]) are well-defined _R-derivations of the 
ring R[t]d,r] (since they respect the defining relations). So, d := {di,i G /} is the set of 
commuting locally nilpotent /^-derivations of the ring R[t] d,r] such that di{tj) = 6ij. If R 
is an algebra over a field of characteristic p > then c^ = 0, i G /. 

Lemma 3.2 Let the ring A := R[t;d,r] be as above. Suppose, in addition, that R is an 
algebra over a field of characteristic p > 0, rij = [xi, Xj] and di = ad(a;i) for some elements 
Xi E R. Then 

1. t\ — xf, i E I, are central elements of A. 

2. The ideal a := (tf — xf , i G /) of A is dj-invariant for all j E I (dj{a) C a). 

3. Let A := A/a and 5i G DeTji{A): a + a t-^ di{a) + a. Then 5 = {5j, i E 1} is the set 
of commuting R-derivations of A such that 5f = 0, 5i{xj) = 6ij, and, for each a E A, 
Si{a) = for almost all i. 

Proof. 1. ad(tf) = a.d{tiY = ad(xj)'' = ad(xf), hence ad(tf — xf) = 0, i.e. tf — xf is a 
central element of A. The rest is obvious. D 

The next theorem is the converse to Lemma [3.21 

Theorem 3.3 Let A be an algebra over a field K of characteristic p > Q, 5 = {(5j, i E 1} be 
a non-empty set of commuting K-derivations of the algebra A such that 5^ = 0, Si{xj) = 5ij 
(the Kronecker delta) for a set x = {xi,i E 1} of elements of A, and, for each a E A, 
Si{a) = for almost all i. Then 

1. A = 0^g_v^'^^° = ®aeAf^"'^^ ^^^^^ M := {a E N^^) | all di < p} and x" := 
Xj^'^ ■ ■ ■ x"j" where supp(a) = {aij, . . . , ««„} and ii < ■ ■ ■ < in (where (/, <) is the 
well-ordered set). 

2. Tij := [xj, Xj] E A^ and [xj, A^] C A^ for all ij E I. 

3. A c:^ A^[t;d,r]/{t^^ - xf,2 G /) where t = {ti,i E I}, d = {di := ad(xi),2 G /}, and 
r = (rij), {t\ — x^,i E 1} are central elements of the ring A^[t; d,r]. 
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4- Each derivation 5i is induced by the partial A^ -derivatives di := -^ of the ring 

A^[t;d,r]. 

Proof. 1 . Theorem 13.11 since E = M . 

2. For any i,j G /, 6j{[x^,A^]) C [6ij,A^] + [xi,6j{A^)\ = 0, i.e. [xi,A^] C A^. For 
i,j,k e I, 6k{[xi,Xj]) = [Ski,Xj] + [xi,6kj] = 0, i.e. rij e A^ . 

3. The ring A := A^[t;d,r] is well-defined since [di,dj] = [ad{xi),ad{xj)] = ad{[xi,Xj]) 
and di{rjk) = [xi,[xj,Xk]] = [[xi,Xj],Xk\ + [xj,[xi,Xk]] = -dk{rij) + dj{rik), the Jacobi 
identity. 

Each element u := t^ — x^ belongs to the centre of the ring A since it commutes with 
the generators of A: for each A G A^, [tf , A] = (adt.j)P(A) = (ada;j)^(A) = [xf, A], and so 
[u, A] = 0; for each j G /, 

[titj] = {a.dt,nt,) = {adt,r-\[t,,t^]) = {adt,r-\[x,,xj]) = {^dx,r~\[x„x,]) 

yadXi) [Xj ) [Xj^,Xj\ [Xjjtjj, 



and so [u, tj] = 0. D 

4 A formula for the inverse of an automorphism that 
preserves the ring of invariants 

Let A, 5 := {6i,i G /}, and {Xi} be as in Theorem 13.11 Suppose that a i^-algebra 
automorphism a G Autx(^) preserves the ring of invariants A^, that is cr{A^) = A^. Let 
as := cr|^i G AutxiA^). Suppose that we know explicitly the inverse a^^ and the twisted 
derivations 6' := {6^ := cr6ia~^,i G /}, then we can write down explicitly a formula for the 
inverse automorphism a^^ f Theorem 14. 1|) . This is a very simplified version of the strategy 
we will follow in almost all the examples later. Since A = (BaeE^^x^"'^ = ©Qg^jx'^^A'^ 
(Theorem 13. ip . the automorphism a is uniquely determined by its restriction as to the ring 
of invariants A^ and the images of the iterative descents x[ := {x^ := a{x^ )}, i E I. Note 
that the derivations 5' = {6^} and their iterative descents {x'j} do satisfy the conditions of 
Theorem O with A^' = a{A^) = A\ For each i G /, let 

fc=o ■ fc=0 

i&I iel 

be the corresponding maps from Theorem 13. 11 The maps 0ct,V'o- : A —>■ A are projections 
onto the subalgebra A^ = A^ of A, and, for any a E A, 

a = 5]a;'["l0.(5'"(a)) = J^ ^.(^'"(a))^''"]. (9) 

aeE aeE 
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Then applying a ^ to these equahties we finish the proof of the next theorem. 

Theorem 4.1 Let A, 6 = {Si}, 6' = {S'^}, {xi}, {x[}, and a he as above. Then, for each 
a& A, 

a~\a) = ^x[<^la,-^(0.(r(a))) = J2^i\MS"'{a)))x-. 

aeE a£E 

5 An inversion formula for an automorphism of a cen- 
tral simple algebra 

In this section, K is an arbitrary field and A is a central simple i^-algebra (central means 
that the centre of A is K). For simplicity, let us assume that the algebra A is countably 
generated, for example A is a finitely generated algebra, the general case is considered 
at the end of the section. Then A = Uj>oAj is a union of an ascending chain of finite 
dimensional subspaces: K C Aq C Ai C ■ ■ ■ . 

The algebra E := Endx(^) of all i^-linear maps from A to itself is a topological algebra 
with respect to the finite topology where neighbourhoods of the zero map is given by the 
ascending chain of subspaces 

Eo^Ei^---^Ei:={feE\ /(A,) = 0} D ■ ■ ■ , ni>oEi = 0. 

So, an element f oi E is 'small' if it annihilates 'big' Ai. Note that this description of the 
finite topology works only for algebras that has no more than countable basis over K. For 
the general case, the reader is refereed to the book of Jacobson [S]. 
Let A be the image of the K-algehra homomorphism 

A(g) A°P ^ E, a(g)b^ {x h^ axb), 

where x E A and A°^ is the opposite algebra to A. By the Density Theorem, A is a dense 
subalgebra in E, i.e. for any map f E E and any i > 0, there are elements Oj, bj G A such 
that /(a) = ^ . ajabj for all a G Ai. 

Let ei := 1, 62, ... be a i^-basis for A such that for each z > 0, Ci = 1, 62, . . . , e„. is a 
i^-basis for Ai. Clearly, rio < "",1 < . . .. For each i > and j such that 1 < j < ^j, consider 
the iiT-linear map 

Tl'i Til "^i 

Pij '■ A = ^ Kck -^ ^j = ® Kck, ^ AfeCfe ^ XjCi = Xj. 

k=l k=l fc=l 

By the Density Theorem, there are elements {aijy,bijy,v G Nij} such that Pij{a) = 
^^gjy^. ajjvct^ijv for all a G Ai. Then, for each a G A^, a = YlT=i'Pij{'^)^j^ or, equiva- 
lently, for each a E A, 

a = 2jpii(a)ej, i > 0. 
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Applying a and denoting a {a) by a, we see that for each a & A, 



rii 



(^ = ^P'iM)(^i^j)^ ^>0' 



where p'ij{-) = J2i^eN-- ^i.'^ijv){.-)(^(piju)- Applying cr~^, we prove the next theorem (use the 
fact that p'ij{A) C K). 

Theorem 5.1 fThe inversion formula j Let A he the central simple countably generated 
algebra over the field K and a G Auti^(y4). Then, for each a & A, 

rii 

where p^(-) = J2ueN,^ a{aij^){-)a{bij^). 

Corollary 5.2 (The inversion formula for a central simple finite dimensional algebra^ //, 
in addition, the algebra A is finite dimensional over K . Then A = Ai for some i and, for 
each a & A, 






a'^[a] = > Pij[a)ej. 



Let A be an arbitrary central simple i^-algebra. Fix a covering A = Ujg/Aj of A by a 
set of finite dimensional subspaces Ai such that K (1 A^ for all i & I. For each i G /, fix 
a basis {e*} for the vector space Ai with e\ := 1, and then define the maps pij : Ai ^ Ai 
in the same way as before, Pij(^ -^fc^^) = Xje\ = Xj G K. By the Density Theorem, there 
are elements {aiji,,bij„} such that Pij{a) = Yliu'^v'^'^^ij'^ ^^^ ^^^ "^ ^ ^i- Then each map 
P'ij '■= (^{Pij) = Z),.^(«ijv)(")'^(^ijv) '■ (^i^i) -^ (^i^i) has the image K since (t{K) = K, 
and, for each a & A, 

where H S> 0' means that for all i such that a G cr{Ai). Applying a^^, we have cr~^(a) = 
^p^(a)e* for i ^ 0. This means that Theorem 15. II holds with the new meaning of 'i 3> 0'. 

6 The inversion formula for an automorphism of a 
polynomial algebra 

In this section, K is a field of characteristic p > and P„ := K[xi, . . . , Xn] is a polynomial 
algebra in n variables over the field K. 

Using the defining relations (JH) for the algebra of differential operators T>[Pn) on P„ and 
its simplicity, one can verify that, for each natural number k > 1, there exists a K-algebra 
monomorphism ofT>{Pn) (which is obviously not an isomorphism) given by the rule 



„*: 



ip*""] 



/, : V{P^) ^ I?(P„), x,^x^ , or - Of "', ^ = 1, . . . ,n. (10) 
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Note that each inonomorphism fk, A; > 1, is not a power of the Frobenious map a ^— *> a^. 

Remark. In the characteristic zero case (char(i^) = 0), it is an old open question {the 
Problem, of Dixmier, [Zj, Problem 1): is an algebra homomorphism of V{Pn) an algebra 
isomorphism? 

For an arbitrary field K, the ring V{Pn) is simple, so any algebra homomorphism is 
automatically a monomorphism. If char(i^) = then T>{Pn) = An, but if char(i^) = p > 
then V{Pn) 7^ A^ and the Weyl algebra A^ has a big centre and because of that the analogue 
of the Problem of Dixmier for A^ trivially fails: if Ai = K{x, d\dx — xd = 1) then the 
iiT-algebra homomorphism a : Ai ^>- Ai, x ^^ x + x"^ , d ^^ d,is not an automorphism since 
its restriction to the centre Z{Ai) = K[x^, d^] (a polynomial algebra in two variables) 
x^ ^— s> x^ + x^ , (9^ ^— i> d^, is not an automorphism. Though, the endomorphism a is a 
monomorphism. We propose the following conjecture. 

Conjecture. Let A^ be the Weyl algebra over a field K of characteristic p > 0. Then 
each K-algebra homomorphism is a monomorphism. 

The case n = 1 is an easy consequence of the Tsen's Theorem P^. For general n, I 
proved this conjecture for certain algebraic extensions of the Weyl algebra A^. 

By (Uni), for each i = 1, . . . ,n, and each fc > 0, df^ G Der^(P„,i,fc) (i.e. df\Pn,i,k) ^ 



--ip^] 



n,i,k 



i\ [Xi, . . . , Xj_i, Xj , Xj_|_i, . . . , X„J, i^^n.i.k ~ ^n,i,k+l-, \pi 



and {^^^, < j < p} is the iterative of -descent of maximal length in Pn,i,k- 

Hence, using step by step Corollary 1231 for each i = l,...,n, the map (an infinite 
product) 



p-i ^fe 



PI 



■■Pn^Pn. 4>^,k■.= Y.{-\y^^Y'\ ^ > 0, (11) 



>i,k ■ ■ ■ 9i,\9i,Q 

c — ^ ■ n\ 

i=o -^ 

is a (well-defined) homomorphism of P^ ^-modules which is, in fact, a projection onto the 
polynomial subalgebra P^^ := K[xi, . . . , x,, . . . , x„] (where Xj is missed) of P„, i.e. 

(pi-. Pn = P^j © PnXi -^ Pn = P^j ® Pn^i, a + bxi ^ tt, where a e P^j, h e Pn- 

Note that, for a given polynomial m G P„ of degree in the variable Xj, say d = d^ + dip + 
■ ■ ■ + dkP^ where < dj < p and d^ ^ 0, one has (f>i{u) = (j)i^k ■ ■ ■ 4>i,o{u). For any fixed 
element u G P„, almost all maps 0j,fc in the product (fTTjl act as the identity map on u. The 
maps 0j commute, and their product 

n n n 

(j) ■.= Y[(j)i : Pn = K ®J2PnXi ^ Pn = K © J]P„x„ J2 ^°^" ^ ^0' (^" ^ ^) (12) 

1=1 i=l i=\ qGN" 

is a i^-algebra homomorphism which is a projection onto the field K. Let u E Pn and 
deg^^('u) = (ij^o + c^i.iP + ■ ■ ■ + di^kiP^' be the degree of the polynomial u in Xj where < 
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dij < p. Then (f){u) = YYi=i ^hh ' ' -'Pifli.u), i.e. almost all maps (j)i^k in the product (fT^ 
act as the identity map on u. 
Recall that, for a,f3 e N", 



qH(^^^ 



/3 



a 



X' 



P-a 



n 



ft 



a, 



(13) 



where, in the formula above, x* := for all negative integers t and all i. 
The next result is a kind of the Taylor formula in prime characteristic. 



Theorem 6.1 For any a E Pn 



Y^ 0(9["l(a))x". 



oeN" 



Proof. If a = ^ A„x", A„ G K, then, by dH and (HH), 0(91"] (a)) = A„. D 
Equivalently, the identity map id on P„ can be written as 



(14) 



Let 0" be a i^-automorphism of the polynomial algebra P„, it is uniquely determined by 



the images of the canonical generators, x'l := a{xi 



dx' 



), . . . ,Xg 



a(x.). The Jacobian oi the 



automorphism a, that is A := det(^), must be a nonzero scalar, i.e. A G K* := K\{0}. 
The derivations d[ := ^, . . . ,0'^ := -^ E Derx(-Pn) can be written as 



/ dajxi) _ _ _ daixi)_\ 
dxi dxn 



d] := A-Met 



V 



d 
dx\ 



d (7{x„) 

dXn 



d 

dXn 



da-{x„) I 

dXn / 



J = l,- 



(15) 



dcr{xk)- 



where we have 'dropped' a{xj) in the determinant det(— ^^^^ — j. 

Let (9''"^ := ^ := -^ ■ ■ ■ -^ (where a = («!,...,«„) G N") be the corresponding 
higher derivations for the new choice of generators for the polynomial algebra P„, that is 
x[, . . . , x'^. Now, we consider the projections (fTTj) and (fT^ for the generators x'j^, . . . , x^ of 
P„. For each i = 1, . . . , n. 



p-i 



j=0 -^^ 



The maps (^\ commute. Let 



n 



i=l 



(17) 
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Theorem 6.2 (The Inversion Formula) For each a G Autii-(P„) and a G P„, 



a-Ha) 



J2 Md'^''\a))x'^. 



aGN" 



Proof. By Theorem 16.11 a = ^agpjn </>o-(5'^"'(a))x'", then applying a ^ we have the 
result 

a-\a) = J2 0.(5'f"'(«))^"'(^'") = E Md'^''\a))x'^- □ 

7 The inversion formula for a G Aut;^(P(i^[a:i, . . . , x^])) 

In this section, i^ is a field of characteristic p > and V := T>{Pn) is the ring of differential 
operators on the polynomial algebra P„ := K[xi, . . . , Xn] over the field K. The algebra P 
is a central simple countably generated (but not finitely generated) algebra over K. The 
results of Section El show that the inversion formula for a G Ant k{1^) can be written in the 
most economical way - using only addition and multiplication. Clearly, V = V{K[xi]) ® 
■ • ■ ® V{K[xn]), the tensor product of algebras. For each i = 1, . . . ,n, the inner derivation 
6i := — adxj of the algebra X> is a locally nilpotent derivation, V^^- = V{K[xi]) ® ■ ■ ■ ® 
K[xi\ ■ ■ ■ ® ^^{Klxn]), and {d\ ,j > 0} is the iterative 6i-descent (of maximal length) 
since 

By Theorem 12.31 there are two projections onto V^^ (where a G T>^^): 

k>0 

^i = J2i^d^i)'i-)9? ■.V = V'^® V+^, ^ V'^ © P+,,, a + h^a,he V+^, = ®k>iV'^df\ 

k>0 

The maps (pi and ^j are homomorphisms of right and left P^'-modules respectively. The 
maps (pi (resp. ipi) commute and their products yield projections onto the polynomial 
subalgebra P„ of the ring of differential operators P(P„), 

0„ ■ ■ ■ 01 : r- = P„ © P+ ^ P„ © P+, a + 6 ^ a, a G P„, 6 G I)+ := ©o^aGN-^I'lp^, (18) 



^|Jl■■■^Prr■.V = Pn®V+^F^®V+, a + b^a, aePn, beV+ := ©o^aGN-i'n'9'"]. (19) 

For each i = 1, . . . ,n, and each fc > 0, the inner derivation ad 9] of V preserves the 
subalgebra Pn,i,k ■= K[xi, . . . , Xi-i, xf , x^+i, . . . , a;„] (i.e. [c}f \Pn,i,k] ^ Pn,j,fc), P^ " - 



i,k 
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Pn,i,k+i, {a.ddf^y = ad(9f'')P = adO = 0, and {^,0 < j < p} is the iterative a.ddf^- 
descent of maximal length in Pn,i,k- By Corollary 12 .41 the map 

p-l pkj 

(j)n+i ■■= ■ ■■(j)n+i,k-- ■ </'n+i,l<^n+i,0 : Pn ^ -Pn, <^n+i,fc := ^{-^Y -^i^^^df ^Y , k > Q, 

(20) 

is a projection onto the subalgebra -P^^ := K[xi, . . . ,Xi, . . . ,Xn] of the polynomial algebra 
p 

0n+i : Pn = P„7 © P„Xi -* P„ = P„7 © PnXi, a + fexj H^ a, where a G P„7, 6 G P„. 
The maps ^n+j commute and their product 

0„+l ■ ■ ■ 02„ : Pn = /S: © Pn,+ -^ Pn = ^ © Pn,+, Yl ^°^" ^ ^0' (^° ^ ^) ' 

is a i^-algebra homomorphism which is a projection onto the field K where P„_+ := 
X^"=]^Pna;j. The maps (pn+t are well-defined also as maps from the algebra V to it- 
self as it follows from the decomposition T) = (Ba^^^w^Kx^d^^^ and Q. Note that the 
maps (pi, (pj (1 < i,j < 2n) commute unless |i — j| = n. The following maps (where 
a := E Aft^al^lx", a' := E K^p^^^d^^ ^ ^, A^,„, A'„,^ G i^): 

:= 02„ ■ ■ ■ (pn+i(pn ■■■(Pi:V = K®V+ -^ K®V+, a ^ Ao,o, V+ := Kd^'^^x'', (21) 



(22) 
are projections onto if. 

The next result is a kind of a noncommutative Taylor formula for the ring of differential 
operators T>{Pn) on P„ in prime characteristic. 

Theorem 7.1 For any a G V{Pn), 

a= Y^ (-l)l"l0(5^(a)9["])9['^]x" = ^ V^(9["]<5^(a))x"9['^l, 

a,/3GN" a,/3GN" 

where 5^ := nr=i(~^'^'''«)'^' ^'^^ l*^! := «! + ■ ■ ■ + ctn- 

Remark. The element 5^(a)(9["] = 5^{a) ■ (9["1 (resp. (9["]5^(a) = S'"] ■ ^'^(a)) is the 
product in V{Pn) of the elements 5^{a) and 9'"^ (resp. 9'"^ and ^'^(a)). 

Proof. If a = '^Xfjad^^^x'^ = '^ X'^^x^d^^ where Xpa, ^'ap ^ -^) then we must prove 
that (-l)l"l0(5^(a)9["l) = A;3a and ^{d^'^^S'^{a)) = A^^. Since V{Pn) = V{K[xi]) ® ■ ■ ■ © 
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T^{K[xn\), it suffices to prove these statements when n = 1 (for any n, repeat the arguments 
below n times or use induction on n). So, let n = 1. Recall that d[ .= 1 and d^ := for 
all negative integers s. 

(-l)>(5{(a)aP) = (-l)>((-adxiy(^A^.af]x?)9fl) = (-!)>( J^ >^pA^~'^Xid? 

o,/3>0 a>0,/3>i 

= (-i)>(E v^?^f') = (-i)>(E vE (l){-^M-'^^r') 

a>0 «>0 fc=0 ^ ^ 

= (-i)'(-i)%, = A,,, 

o>0,/3>i a>0 



rv~>n I.— n ^ / 



a>0 fc=0 



Let (T be a i^-automorphism of the algebra V. Then the elements xj := a{xi), d^ : = 
o"((9| ), i = 1, . . . ,n,k > 1, are another canonical generators for the algebra V (that satisfy 
the defining relations (JU). Let (f)^ := cj)' and ^/'o- := V'' be the maps as in (PT|) and (j^ but 
for the new canonical generators x'^, d^ (one has to put (') everywhere in the formulae). 

Theorem 7.2 (The inversion formula for a G AutK{T>{Pn))) For each a G AutA'(P(P„)) 
and a G V{Pn), 

a~\a) = E (-l)'"'0.(<5'''(a)5'l"')9[^]x" = E ^.(^''"''^"'(a))^:"^!''^, 

o,/3gN" o,/3gN" 

where 5 := YYi=ii^^'^^'i)^'- 
Proof. By Theorem 17.11 

Now, applying a^^ to these equalities we have the result. D 

8 The inversion formula for a G Aut;^(2^(P^) (8) P? 



m 



In this section, i^ is a field of characteristic p > and V := T>{Pn) is the ring of 
differential operators on the polynomial algebra P„ := K[xi, . . . ,Xn] over the field /T, 
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Pm '■= K[yi, . . . , ym] is a polynomial algebra in m variables over K, and A := V{Pn) ® Pm- 
The inversion formula f Theorem 18. 2j) for a G Autx(^) is a consequence of the results of the 
previous two sections, very briefly, the main reason for that is that the algebra 'D{Pn) is cen- 
tral, i.e. the centre of the algebra V^Pn) is K. Therefore, the centre of the algebra A is Pm-, 
and so cr(Pm) = Pm- Note that A = Sa^^gN^.TeN™ Kx^d^'^^y'^ = 0o,/36N",7eN'" Kd^l^^x^y^. 

The maps (j) and if) from (PT|) and ()22p respectively make sense for the algebra A by 
simply extending 'scalars' in the natural way {Vq^^^Pm ® Qm) — T^K{.Pn) ® Qm where 
Qm '■= K{yi, . . . , ym) is the field of rational functions). Let us denote them by (f)x> and ipj) 
respectively. The maps 



07? : A = Pm®A+^ Pm®A+, a^ Ao, A+ 


•~ Q)|a| + |/3|7^0 "m"^ ^ 


ipj)-. A = Pm®A+^P„,® A+, a' ^ X'q, A+ 


•— (D\a\ + \/3\^0 ^mX O 


are projections onto the centre P^ of A where a = 


EA^^a^I^^x", a' = 


Xpa, X'ap ^ Pm- Let 0p„ : Pm ^ Pm be the map (|12J). 





Now, the next theorem is a direct consequence of Theorem 16.11 and Theorem 17.11 
Theorem 8.1 For any a e A := V{Pn) ® Pm, 

a,/3GN",7eN'" 
o,/9gN",7GN'" 

where 5^ is as in Theorem \7.1\ and d^"'^ is as in Theorem \6.1\ 

Let a G AutA-(A). Then its restriction to the centre Z{A) = Pm of the algebra A is 
an automorphism, say r G Autx(Pm)- Let 0p^,o- be the map (fTTj) for the restriction r. 
Similarly, let (j)T>,a and ipv,a be the maps given by the same formulae as in Theorem 17.21 
but for the algebra A = V ^ Pm rather than V, let us stress it again that this means that 
we extend the 'scalars' from K to Pm (of course, one can extend the field from K to the 
field of rational functions Qm '■= K{xi, . . . , Xm) and repeat all the arguments from Section 
[7|over this bigger field). One should stress that the formulae for 0do- and ipv,a are the 
same, the only new thing is that 'scalars' of all the elements and of the inner derivations 
involved are in Pm rather than K. 

Theorem 8.2 (The inversion formula for a G Ant x{T>{Pn)^Pm)) For each a G Autx(^(-Pn 

Pm) O-f^A Ci G T>{Pn) Pm, 

a-\a) = Yl (-l)'"'0P™,.(5''"^(0^,.('5''(«)5'^"^)))5t''l^V 

a,/3eN",7eN'" 
a,/36N",7GN'" 
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Proof. By Theorem 18.11 



a,/3eN",7eN™ 

Applying a~^ yields the result. D 

Remark. It makes sense to stress that basically the process of finding the inversion 
formula for an automorphism of the algebra A ■.= T>® Pm collapses to two cases - the poly- 
nomial and the ring of differential operator's case - simply because the ring of differential 
operators T'(Pn) is a central algebra. We will see later that for the Weyl algebra An this 
is not the case - the centre of An is big, it is a polynomial algebra in 2n variables, and 
the problem of finding the inversion formula for a G AutA'(^n ® Pm) can not be reduced 
to the cases : a G Autx(^n) and a G Autx(Pm) (see Section IH)) in such a straightforward 
manner as in this case. 

9 The inversion formula for an automorphism of the 
n'th Weyl algebra An (and of A^ i^[^i, . . . , ^^]) 

Let i^ be a field of characteristic p > 0. The n'th Weyl algebra An = An{K) is a K- 
algebra generated by 2n generators gi, . . . , g„, pi, . . . ,Pn which are subject to the defining 
relations: 

[Pi, Qj] = Sij, [Pi,Pj] = [qi, Qj] = for all ij = l,...,n, 

where 6ij is the Kronecker delta, [a, b] := ah — ha. The Weyl algebra An = ®a,(i&v^Kp^q^ = 
®a,i3&N"Kq°'p^ (where p^ := p^ ■ ■ -p^ and g" := Qi^ ■ ■ ■ Qn") is a Noetherian algebra which 
is a free finitely generated module over its centre Z{An) = K[xi, . . . ,X2n], the polynomial 
algebra in 2n variables 

Xi := Qi, . . . ,Xn '.= (?„, Xn+l := Px, . . . , X2n '■= Pn- 

Clearly, A„ = ©„,^g^Z(A„)/g° = ©^,^gAr^(^n)gV where A/" := {a G N" | < ai < 
p, . . . ,0 < an < p}, and An = K{pi, gi) ® • ■ ■ ® K{pn, Qn) — Af"', the tensor product of n 
copies of the first Weyl algebra. Let Pm := K[x2n+i, ■ ■ ■ ,a^2n+m] be a polynomial algebra 
in m variables and Pq '■= K. Let A := An® Pm be the tensor product of algebras. In 
particular, A = An'ii m = Q. The generators gi, . . . , g„,Pi, ■ ■ ■ ,Pn, a^2n+i, • • • , X2n+m will be 
called the canonical generators of the algebra A. Let r be one of the canonical generators 
of the Weyl algebra An (i.e. r ^ X2n+i for all i) and let Af be the subalgebra of A generated 
by r^ and all its canonical generators except r. Clearly, (adr)^ = ad(r^) = since the 
element r^ belongs to the centre Z of the algebra A (where ad r is the inner derivation of 



22 



the algebra A). By Corollary 12.41 for each i = 1, . . . ,n, the maps 



r,3 



3 



A — (Bj^oQiAq^ — > A, 



P~^ A^ J 



■ ^ — ®j=o^%Qi ~^ ^ 



are projections onto the subalgebra Aq^ of A, and the maps 



$ 



n+i 



E;:;f(adg.F:A = ©^Z^plA,^^^A, 



are projections onto the subalgebra Ap^ of A. Then their compositions 

$ := $2n$2n-i " ' • $1 : A = ©,,^eAr^gV ^ A (23) 

^ := ^2n^2n-i " " " ^1 : A = ©„,^eA^ Z/^" ^ ^, (24) 

are projections onto the centre Z := Z{An) ® Pm of the algebra A. The centre Z is a 
polynomial algebra P, = K[xi, . . . , X2n, a;2n+i5 . . . x^] in s := 2n + m variables, let (pz be 
the map as in (J12j) in the case of the polynomial algebra Z = P^. Then the maps 

0:=0^<l>:A^A a= J^ A,^^g>V ^ Aq, (Xap-y ^ K), (25) 

^:=0^^:A^A, a= ^ A^^^g^x^ ^^ Aq, (A^„^ G K), (26) 

«,/3eA^,7GNs 

are projections onto the field K. The inner derivations adgi, . . . , adg„, adpi, . . . , adp„ of 
the algebra A commute. 

Theorem 9.1 For any a & A, 

where 9^ := Ut=idt''\ 5^"'^^ ■= (a!/?!)'' IlLiladpi)"' IY^=ii-^(^Qj[ 



Pj 



Proof. If a = Y.^af3'yq°'P^X^ = Y.^'^a-yP^'f^'^ ^ ^ whcrC \af3-y, >^'/3a'y ^ K, then 

0z(aW($(<5["'^](«))) = A„/37 and 0z(aW(v|/(5["'^l(a))) = ^'p^r □ 

Let a G Autii-(y4) and let q[ := 0"(gj), p^ := (y{pi), i = l,...,n, and x'j := cr(a;j), 
j = 1, . . . ,s. Then the elements q[, . . . , qn,p'i, • • • ,p^, a;2n+i5 • • • ! ^s are another choice of 
the canonical generators for the algebra A and x'l, . . . , x'^ are generators for the polynomial 
algebra Z = Pg. Let 0z,o-5 ^a and \1/ct be the maps (fT^ . (PHj) and ()24|) for the new choice 
of the canonical generators: for, we have to put (') everywhere. 

23 



Theorem 9.2 (The inversion formula for a G AniKiA)) For any o G Autft:(A) and a ^ A, 
a-\a) = Yl 0z,.(5''"l('^.(y'"'^l(a))))g>V 

a,/3GA^,7GN« 

where d'^^^ := n?=i9;'^'^, 5''"'^' := («!/?!)"' IlLi (ad p-)°' nj=i(-adg;)^^. 
Proof. By Theorem 19.11 

a,/3eA^,7eN» 
o,/3GA/',7eN» 

then applying a^^ proves the result. D 

10 The inversion formula for a G A\itK,c{K[[xi, . . . , Xn]] 

The notations of Section IHl remain fixed. Let P„ be a series algebra in n variables Xi, . . . ,Xn 
over a field K of characteristic p > 0. The algebra P„ is a completion of the polynomial 
algebra Pn := K[xi, . . . ,Xn] with respect to the m-adic topology given by the powers of 
the maximal ideal m := (xi, . . . , x„) of the algebra P„- So, the algebra P„ is a complete 
local algebra with maximal ideal in := P^m. 

The higher derivations Sj G T>{Pn) of the polynomial algebra P^ are continuous maps 
in the m-adic topology, of\xn'^) C m'^"-' for all fc > where m~' := P„ for / > 0. Hence, so 
are the maps (pi^k from (jllj) . It follows from the definition of the maps 0i (see (jlip ) that they 
are well-defined and continuous in the m-adic topology, hence so is the map from ()12|) as 
their finite product. We denote by the same symbols 0j,fc, 0j, 0, of , d^'^\ etc, the unique 
extensions of these continuous maps to the (necessarily continuous) maps from P„ to itself 

(note that (pt^k ■ ■ ■ 4'i,o{Y7j=o ~ (^j^l) = «o where % G K[[xi, . . . , Xi_i, xf , Xj+i, . . . , x„]]). 
The maps (pi commute, and the map 

(l):Pn = K®m^K®m, J^ ^"^" ^ ^O' (^" ^ ^) (2^) 

aGN" 

is projection onto K. 
Theorem 10.1 For any a ^ Pn, 

^0(9["](a)K- 



a = 
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Proof. If a = ^ A„x°, A^ G K, then 0(9["l(a)) = A„. D 

Let 0" : P„ ^ P„ be a continuous i^-algebra endomorphism such that o"(fn) C fn (this 
is, in fact, a part of the definition of continuous endomorphism) and such that its Jacohian 
A := det(g^) is a unit of the algebra P„ where z'^ := a{xi), . . . ,x'^ := cr(x„). Then 

obviously a G KvitK,c(Pn) where Aut^-^clPn) is the group of continuous automorphisms of 
the algebra P„ (if r G Aut x,c(Pn) then r(m) C m, by definition). 

Example. Let a be a i^-algebra endomorphism of the polynomial algebra P„ such that 
cr(m) C m and its Jacobian A G -ft'*. Then the a can be extended uniquely to a continuous 
Ji'- automorphism of the algebra P„. 

Given a continuous automorphism of the algebra P„ then its Jacobian is automatically 
a unit of the algebra P„ as follows immediately from the chain rule. 

So, let a G A.vXK,c{Pn)- Let us define continuous maps d'^, 5''" , 0^, (p^ : Pn -^ Pn in the 
same way as in (jT^. (fTB|). and (fT7|) respectively. 

Theorem 10.2 (The inversion formula for a G Auti^^c(Pn)y' For any a G Aut/<,c(P«) o-nd 
a G P„; 

a-i(a) = Y. 0.(9'["l(a))a;". 

Proof. By Theorem 110. If a = ^^gi^n 0cr(5'^"'(a))x'", then applying cr~^ we have the 
result. D 

11 The inversion formula for a G Auti^(T;ti,...,A;n ^ ^m) 

Let i^ be a field of characteristic p > 0, P := T>{Pn) be the ring of differential operators 
on the polynomial algebra P„ := K[xi, . . . , a;„]. For each k = (fci, . . . , fc„) G N*^, consider 
the /r-subalgebra Tk := Tfci_...,fc„ of "D generated by the polynomial algebra P„ and the 
elements df , i = 1, . . . , n, ji < ki, . . . ,jn < kn. The algebras Tk play an important role 
in studying the ring T> and its modules. Then 

Tk=0Pn5["l = 0a['^lp„, 

aSA/" aGA/" 

where Af := {a = (ctj) G N" | ai < p'^i, . . . , a^i < p^"}- One can easily verify that the 
algebra Ti ,,, i is canonically isomorphic to the factor algebra An/{pi, . . . ,p^) of the Weyl 

algebra A^. Note that if fcj = then there is no element df with j < 0. In order to 
accommodate this border case, we will assume that ki > 1, . . . ,kn > ^ but instead of the 
algebra Tk we consider the algebra 

T:=Tk(g)Pm, Pm ■■= K[Xn+l, . . . Xn+m], S := U + TU, 
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(it is obvious that for a general k, the algebra Tk is of this type). Let Ps := K[xi, . . . ,x<^. 
Then the algebra 

is a left and right free finitely generated P^-niodule of rank p^^~^ ^'^'^ with the centre 
Z := Z{T) = K[xi , . . . ,x^" ,Xn+i, ■ ■ ■ ,Xs], a polynomial algebra in s indeterminates. 
The algebra 

T = Zx^^t^l = Zal^lx" (28) 

is a free finitely generated Z-module of rank p2(fci+--+fc„)_ j^^^ ^g consider the set 5 := 

k ■ 

{6i := — adxj, i = 1, . . . , n} of commuting nilpotent fi'-derivations of the algebra T, 6f ' = 
{-adx^y"' = (-l)P''adxf' = since xf' E Z. The set d* := {d^\o < j < p''^} is the 
iterative Si-descent of maximal length. Clearly, T^ = Pg. The set S satisfies the conditions 
of Theorem \'A.1\ let 



be the corresponding maps from (jHl), these are the projections onto P, as in Theorem 
0(3). 

For each i = 1, . . . , n and each k = 0, . . . , fcj — 1, the inner derivation ada, of the 
algebra T is a nilpotent derivations: (adS^ )^ = ad {df )p = adO = 0, and the subalgebra 
of P., 

k 
^s,i,k • ^ [-^l; • • • ; "^i—li -^i 5 -^i+li • • • 5 •^n\ ^ -* m 

is ad(9| -invariant, the kernel of the derivation ad 5] in Ps^i^k is equal to Ps,i,k+i- Note 

that 1^^-, < j < p} C Psik is the iterative ad 9] -descent of maximal lengthp. Applying 
repeatedly CoroUarv 12.41 we have the projection 

(pn+i ■= (pn+iM-l ■ ■ ■ (pn+i,l(pn+i,0 ■ Ps -^ Ps, 0n+j,fc := ^^(-l)-' ^q-(ad l9f ')^ 

onto the subalgebra Ps,i,ki of Pg = (B^2o Ps,i,k^xl. The maps 0n+i, • • • ,4>2n commute and 
their product 

n 

l[<|)n+^ ■■ Ps -^ Ps 
1=1 

is the projection onto Z where Ps = (BaeNZx"". 
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In order to avoid a clash of notations, let 

Y ■— rr-P^^ Y ■— tP^" Y — t Y — -r 

y\\ . jyj^ , . . . , -/i-n ■ -^n ' ^^n+1 -^n+l; • • • i ^^s -^s- 

Then Z = K[Xi, . . . , Xg] is a polynomial algebra in s variables. For each variable X^, let 
{du ,j > 0} C 'D(Z) C Endi^(Z) be the corresponding higher derivations (with respect to 
the variable X^). 

Let (pz be the map from (fT^ in the case of the polynomial algebra Z = K[Xi, . . . , Xg]. 
Then the maps 

0z0s---0n+i</'n---</'i:T^T, a= J] X^^^d^^^x'^X^ ^ Xo, {Xf,^^ e K), (29) 
0z0.---0n+i^„---^i:T^T, a= ^ X^^p^x'^d^f'^X^ ^ Xo, (Xo^/s^ e K), (30) 

a,/3eA^,76N» 

are projections onto the field /T, 

a,/3eA^,7GNs a,/3eA^,7eN'' 

The maps 

:= 0^---0„+i0„---0i : T->T, a= ^ a/3„(9f^lx" (^ Oq, (a^j^ G Z), (31) 

■0 := (/fs ■ ■ ■ (/"n+i^n ■■■ipi:T-^T, a= ^ a„/3x"a[^' f-^ Oq, {a^p E Z), (32) 

are projections onto the centre Z (see ()28|)). 
Theorem 11.1 For any a E T, 

a = Yl (-l)'°'0z(5'^'(0('^^(«)^^°')))^'^'a;"X^ 

J2 4>z{d^^\i^{d^°'^S'^{a))))x''d^^^X\ 

a,/36A^,7eN= 

where 5^ := n?=i("~^dXj)^J . 

Proo/. If a = E«,/3eArA/3aa[^la;° = Ea,/3e^ A^^a;"^!^] G T where A;3a, A^,^ G Z, then 
it suffices to prove that (— l)l"l0((5^(a)9["])) = A/jq, and il}{d^'^^5^{a)) = X'^p since, for any 
z = J2-y&vh^^^ h ^ -^' ^^ ^^'^^ Z]7eN'' '^■z(^'''^'(-2^)) = ^0- It suffices to prove the 
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statements for n = 1 (for an arbitrary n, repeat the arguments below n times). So, let 
n = 1. Recall that d[ := 1 and d^ := for all negative integers s. 

(-l)>(5Ka)9fl) = (-l)>((-adxiy( 5^ A^«9Px?)9fl) = (-!)>( J^ Xpjf-'^x^.d?) 

a,l3eAf a,l3eJ\f,l3>j 

= (-i)>(E v^^ft = (-i)>(E V E (^) (-i)^5r^xr^) 

a6A^ aeAf fc=0 ^ ^ 

= (-iy(-i)%. = A,„ 

^(9P5l(a)) = ^(9fl(-adxiy(a))=^(9fl(-adxiy(5^ A:,^x?9P)) 

a,l3eJ\f,l3>j a&N 






^eJV k=o 



Let a e AutK(T) and let x^ := a(xi), 5^'^''' := (^{df^), i = 1, ... ,n, < Si < ki, and 
X'j := cr{Xj), j = 1, . . . , s. Then Z = K[X[, . . . X'^]- Let (l>z,a, 0o- and ipa be the maps 
()12|) . (jHT|) and ()32p for the new choice of the canonical generators: for, we have to put (') 
everywhere. 

Theorem 11.2 fThe inversion formula for a G Autii:(T)j For any a G Aut/^(T) and 
a eT, 

a-\a) = J2 (-l)'"'0z,<x(5'^^k0a('5"'(a)5'f"')))9[^la;"X^ 
Yl <PzAd'^'\Md'^''^S'^iamx'^d^^^X\ 

where d'^^^ := UUi ^'^^ «^^ '^'^ - n"=i(-adx',-)''^-. 
Proof. By Theorem 111. H 

a-i(a) = Y (-l)'°'0z,.(9'f^^(0.((5'^(a)9'f"l)))9''^lx'°X'^ 

a,/3GA/',7eN« 

= J2 <PzAd'^'\Md'^''^S'^iamx"^d'^^^X'\ 

a,/3eA^,7eN^ 

then applying o"~^ proves the result. D 
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